Biconfluent Heun (BCH) function, a confluent form of Heun function [1, 2] , is the special case of Grand Confluent Hypergeometric (GCH) function 1 : this has a regular singularity at x = 0, and an irregular singularity at ∞ of rank 2.
Introduction
(1) is Grand Confluent Hypergeometric (GCH) differential equation where µ, ε, ν, Ω and ω are real or imaginary parameters [17, 25] . GCH ordinary differential equation is of Fuchsian types with the one regular and one irregular singularities. In contrast, Heun equation of Fuchsian types has the four regular singularities. Heun equation has the four kind of confluent forms: (1) Confluent Heun (two regular and one irregular singularities), (2) Doubly confluent Heun (two irregular singularities), (3) Biconfluent Heun (one regular and one irregular singularities), (4) 1 For the canonical form of BCH equation [2] , replace µ, ε, ν, Ω and ω by −2, −β, 1 + α, γ − α − 2 and 1/2(δ/β + 1 + α) in (1) . For DLFM version [15] or in ref. [16] , replace µ and ω by 1 and −q/ε in (1) .
Email address: ychoun@gc.cuny.edu; yoon.choun@baruh.cuny.edu; ychoun@gmail.com (Yoon Seok Choun) Triconfluent Heun equations (one irregular singularity). BCH equation is derived from the GCH equation by changing all coefficients. [2] In previous paper I construct analytic solutions of GCH function for all higher terms of A n 's [25] by applying three term recurrence formula. [18] ; for power series expansions of infinite series and polynomial, its asymptotic behaviors and boundary conditions for an independent variable x.
In this paper I consider an integral form of GCH function and the generating function for the GCH polynomial which makes B n term terminated. Since the integral form of GCH function is constructed, the GCH function is able to be transformed to other well-known special functions analytically such as Bessel, Kummer and Hypergeometric functions, etc.
I already obtained approximative normalized wave function of the spin free Hamiltonian involving only scalar potential for the q −q system up to first order of extremely small mass of quark [17] . According to this paper we might be possible to obtain the analytic normalized wave function from the generating function for the GCH polynomial.
This new wave function has infinite eigenvalues [17] . Because a GCH differential equation consists of three recursive coefficients [18] . In contrast any differential equations having two recursive coefficients have only one eigenvalue; i.e. the wave function for hydrogen-like atom.
We can apply GCH function into modern physics [3, 4, 5, 6, 7] . Section 4 contain three additional examples using power series expansion in closed forms and its integral form of GCH function.
Integral formalism

Polynomial which makes B n term terminated
In this article Pochhammer symbol (x) n is used to represent the rising factorial: (x) n = Γ(x+n)
Γ(x) . There is a generalized hypergeometric function which is written by 
2 Confluent hypergeometric polynomial of the first kind is defined by
Replace β 0 , γ, v and z by β j − i j−1 , 1, v j and z(1 − t j )(1 − u j ) in (5), and divide Γ(β j + 1 − i j−1 ) on the new (5).
Substitute (6) into (4) .
In Ref. [25] the general expression of power series of GCH equation for polynomial which makes B n term terminated is given by; λ is indicial roots which are 0 or 1 − ν
where
Substitute (7) into (8) where j = 1, 2, 3, · · · ; apply K 1 into the second summation of sub-power series y 1 (x), apply K 2 into the third summation and K 1 into the second summation of sub-power series y 2 (x), apply K 3 into the forth summation, K 2 into the third summation and K 1 into the second summation of sub-power series y 3 (x), etc. 
Proof of Theorem. In (8) sub-power series y 0 (x), y 1 (x), y 2 (x) and y 3 (x) of the GCH polynomial which makes B n term terminated are given by
where 
Put j = 1 in (7). Take the new (7) into (11b).
Put j = 2 in (7). Take the new (7) into (11c).
Put j = 1 and z = ← → w 2,2 in (7). Take the new (7) into (13) .
By using similar process for the previous cases of integral forms of y 1 (x) and y 2 (x), the integral form of sub-power series expansion of y 3 (x) is
6 where
By repeating this process for all higher terms of integral forms of sub-summation y m (x) terms where m ≥ 4, we obtain every integral forms of y m (x) terms. Since we substitute (11a), (12), (14), (15) and including all integral forms of y m (x) terms where m ≥ 4 into (10), we obtain (9).
Let λ = 0 and c 0 = (9). Apply (5) into the new (9). Remark 1. The integral representation of GCH equation of the first kind for polynomial which makes B n term terminated about
Confluent hypergeometric polynomial of the second kind is defined by (9) with replacing β i by ψ i . apply (17) into the new (9).
Remark 2. The integral representation of GCH equation of the second kind for polynomial which makes B n term terminated about
x = 0 as Ω = −2µ(ψ i + 1 − γ + i 2 ) where i, ψ i = 0, 1, 2, · · · is y(x) = RW ψ i ψ i = − Ω 2µ + γ − 1 − i 2 , γ = 1 2 (1 + ν);ε = − 1 2 εx; z = − 1 2 µx 2 = z 1−γ A ψ 0 (γ; z) + ∞ n=1 n−1 j=0 1 0 dt n− j t 1 2 (n− j)−γ n− j 1 0 du n− j u 1 2 (n− j)−1 n− j × 1 2πi dv n− j exp − v n− j (1−v n− j ) w n− j+1,n (1 − t n− j )(1 − u n− j ) v ψ n− j +1 n− j (1 − v n− j ) × w n− j,n ∂ w n− j,n + 1 2 n − j + 1 − 2γ + ω A ψ 0 (γ; w 1,n ) ε n (18)
Infinite series Theorem 2. The general expression of the integral representation of GCH equation for infinite series is given by
Proof of Theorem. There is a generalized hypergeometric function which is written by
Substitute (3a) and (3b) into (20) , and divide
Kummer function of the first kind is defined by
Replace a, b and z by (22) . Take the new (22) into (21) .
In Ref. [25] the general expression of power series of GCH equation for infinite series is given by
In (24) sub-power series y 0 (x), y 1 (x), y 2 (x) and y 3 (x) of the GCH equation for infinite series using 3TRF about x = 0 are
Put j = 1 in (23) . Take the new (23) into (25b).
Put j = 2 in (23). Take the new (23) into (25c). 
Γ(γ) in (19). And apply (22) into the new (19).
Remark 3. The integral representation of GCH equation of the first kind for infinite series about x = 0 for infinite series is
19). And apply (22) into the new (19).
Remark 4. The integral representation of GCH equation of the second kind for infinite series about x = 0 for infinite series is
y(x) = RW γ = 1 2 (1 + ν);ε = − 1 2 εx; z = − 1 2 µx 2 = z 1−γ Γ(1 − Ω 2µ ) Γ(2 − γ) M Ω 2µ + 1 − γ, 2 − γ, z + ∞ n=1 n−1 j=0 1 0 dt n− j t 1 2 (n− j)−γ n− j × 1 0 du n− j u 1 2 (n− j)−1 n− j 1 2πi dv n− j exp − v n− j (1−v n− j ) w n− j+1,n (1 − t n− j )(1 − u n− j ) v − Ω 2µ +γ− 1 2 (n− j) n− j (1 − v n− j ) × w n− j,n ∂ w n− j,n + 1 2 n − j + 1 − 2γ + ω M Ω 2µ + 1 − γ, 2 − γ, w 1,n ε n(31)
Generating function for the polynomial which makes B n term terminated
Now let's investigate the generating function for the GCH polynomials of the first and second kinds. 
Definition 1. I define that
Acting the summation operator (9) where |s i | < 1 as i = 0, 1, 2, · · · by using (32) and (33).
Theorem 3. The general expression of the generating function for the GCH polynomial which makes B n term terminated is given by
Proof of Theorem. Acting the summation operator
on the general expression of the integral representation of the GCH polynomial which makes B n term terminated
Acting the summation operator
Replace β i , β j and s i by β 1 , β 0 and s 1,∞ v 1 in (33). Take the new (33) into (37).
By using Cauchy's integral formula, the contour integrand has poles at v 1 = 1 or s 1,∞ , and s 1,∞ is only inside the unit circle. As we compute the residue there in (38) we obtain
16
Replace β i , β j and s i by β 2 , β 1 and
. Take the new (33) into (40).
By using Cauchy's integral formula, the contour integrand has poles at v 2 = 1 or s 2,∞ , and s 2,∞ is only inside the unit circle. As we compute the residue there in (41) we obtain
Replace β i , β j and s i by β 1 , β 0 and
. Take the new (33) into (42).
By using Cauchy's integral formula, the contour integrand has poles at v 1 = 1 or s 1 , and s 1 is only inside the unit circle. As we compute the residue there in (43) we obtain
Acting the summation operator where m > 3, we obtain every
, (44), (45) and including all 
Proof. The generating function for confluent Hypergeometric polynomial of the first kind is written by
Replace t by s 0,∞ in (47).
Replace t and z by s 0 and w * 1,1 in (47).
Replace t and z by s 0 and w * 1,n in (47). 
N is normalized constant. GCH function with three recursive coefficients has infinite eigenvalues as we see (58) where i, β i = 0, 1, 2, · · · . We obtain the integral form of (58) from (16) . 
We can transform GCH function into all other well-known special functions having two recursive coefficients because a 1 F 1 (or F β 0 ) function recurs in each of sub-integral forms of GCH function in (59). 
Confinement potentials
GCH function with three recursive coefficients has infinite eigenvalues as we see (63). We obtain the integral form of (63) from (16) . 
